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Abstract. 

In 1947, Lehmer conjectured that the Ramanujan r-function 
r(m) never vanishes for all positive integers m, where the r(m) are 
the Fourier coefficients of the cusp form A24 of weight 12. Lehmer 
verified the conjecture in 1947 for m < 214928639999. In 1973, 
Serre verified up to m < 10 15 , and in 1999, Jordan and Kelly for 
m < 22689242781695999. 

The theory of spherical t-design, and in particular those which 
are the shells of Euclidean lattices, is closely related to the theory 
of modular forms, as first shown by Venkov in 1984. In particular, 
Ramanujan's r-function gives the coefficients of a weighted theta 
series of the ^-lattice. It is shown, by Venkov, de la Harpe, and 
Pache, that r(m) = is equivalent to the fact that the shell of 
norm 2m of the iVlattice is an 8-design. So, Lehmer's conjecture 
is reformulated in terms of spherical i-design. 

Lehmer's conjecture is difficult to prove, and still remains open. 
In this paper, we consider toy models of Lehmer's conjecture. Namely, 
we show that the m-th Fourier coefficient of the weighted theta se- 
ries of the Z 2 -lattice and the ^-lattice does not vanish, when the 
shell of norm m of those lattices is not the empty set. In other 
words, the spherical 5 (resp. 7)-design does not exist among the 
shells in the Z 2 -lattice (resp. ^-lattice). 
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1. Introduction 

The concept of a spherical i-design is due to Delsarte-Goethals-Seidel jB]. For a 
positive integer t, a finite nonempty set X in the unit sphere 

S"^ 1 = {x = ( Xl ,x 2 ,--- ,x n ) 61" I xl+x 2 2 + --- + x 2 n = 1} 

is called a spherical i-design in S 71 ^ 1 if the following condition is satisfied: 



S" 



for all polynomials f(x) — f{x\,x%, ■ ■ ■ ,x n ) of degree not exceeding t. Here, the 
righthand side means the surface integral on the sphere, and |>!5™ -1 | denotes the 
volume of the sphere S 71 ^ 1 . The meaning of spherical i-designs is that the average 
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value of the integral of any polynomial of degree up to t on the sphere is replaced 
by the average value of a finite set on the sphere. 

Here, we denote by Harm.,(R™) the set of homogeneous polynomials on R™. It 
is well known that X is a spherical i-design if and only if the condition 

^P(x)=0, VPs Harm, (M n ) 

holds for every integer j with 1 < j < t. If the set X is antipodal, that is —X = X, 
and j is odd, then the above condition is fulfilled automatically. So we reformulate 
the condition of spherical t-design on the antipodal set as follows: 

Proposition 1.1. A nonempty finite antipodal subset X C S^ 1 is a spherical 
2s + l-design if the condition 

^2P(x)=0, VP S Harm 3 (R") 

holds for every even integer 2j with 2 < 2j < 2s. 

A lattice in R™ is a subset A C R™ with the property that there exists a basis 
{ei, • • • , e„} of R™ such that A = Zei • • • Ze„, i.e., A consists of all integral 
linear combinations of the vectors e%, ■ ■ ■ , e„. The dual lattice A is the lattice 

A» := {y E K™ | (y\x) E Z, Vx E A}. 

In this paper, we assume that the lattice A is integral, that is, (x\y) E Z for all x, 
y E A. An integral lattice is called even if (x\x) E 21 for all x E A, and it is odd 
otherwise. An integral lattice is called unimodular if A' = A. For a lattice A and 
a positive real number to > 0, the shell of norm to of A is defined by 

A m := {x E A | (x\x) = to} = A n (S™" 1 )™. 

Let H := {z E C | 3z > 0} be the upper half-plane. 

Definition 1.1. Let A be the lattice o/R™. Then for a polynomial P, the function 

e A , P (z) :=^P{x)e™ z{x \ x) 

is called the theta series of A weighted by P. 

Remark 1.1 (See Hecke [7], Schoeneberg [Ti]. [To]). 

(i) When P = 1, we get the classical theta series 

&a(z) = e AA (z) = \ A mk m , where q = e™ . 

m>0 

(ii) The weighted theta series can be written as 

e AfP (js) = p{xV* z(xW) 

xEA 

m>0 i£A m 

These weighted theta series have been used efficiently for the study of spherical 
designs which are the shells of Euclidean lattices. (See [11], [2D], [1], [H] and [S]. 
See also 0.) 

Lemma 1.1 (cf. [19], [2D], [12], Lemma 5). Let A be an integral lattice in R n . 
Then, for to > 0, the non-empty shell A m is a spherical t-design if and only if 

= for every P E Harm 2i (R"), 1 < 2j < t, 
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(P) 

where a m are the Fourier coefficients of the weighted theta series 

e A ,p(z) = ]T aiPr. 

m>0 

The theta series of A weighted by P is a modular form for some subgroup of 
SL2 (K)- We recall the definition of the modular forms. 

Definition 1.2. Let T C SL2 (K) be a Fuchsian group of the first kind and let \ be 
a character of T . A holomorphic function f : H — > C is called a modular form of 
weight k for T with respect to x, if the following conditions are satisfied: 

,/az + b\ (cz + d\ k (a b\ _ 

W f {^+d) = (jcW) fiZ) ^ Mtr= [c d)^ 
(ii) f(z) is holomorphic at every cusp of T. 

If f(z) has period N, then f(z) has a Fourier expansion at infinity, [ID] : 

00 



/(z) = J2 a mQN, QN = e 2 " z/JV . 

m=0 

We remark that for to < 0, a m = 0, by condition (ii). A modular form with 
constant term ao = 0, is called cusp form. We denote by Mk(T, %) (resp. Sfc(r, x)) 
the space of modular forms (resp. cusp forms) with respect to T with the character 
X- When / is the normalized eigenform of Hecke operators, p. 163, [10], the Fourier 
coefficients satisfy the following relations: 

Lemma 1.2 (cf. 10J, Proposition 32, 37, 40, Exercise 2, p.164). Let f(z) = 
Em>i fl ( m )? m ^ Sk{^,x)- If f{ z ) * s the normalized eigenform of Hecke operators, 
then the Fourier coefficients of f{z) satisfy the following relations: 

a(mn) = a(m)a(n) (to, n coprime) 



(p a+1 ) = a(p)a(p a ) - x(p)p fc_1 o(p a - 1 ) (p a prime) 



We set /(z) = E m >ia(TO) 9 m G S fc (r,x). When dim^ fe (r, X ) = 1 and a(l) = 
1, then the /(z) is the normalized eigenform of Hecke operators, [10 . So, the 
coefficients of f(z) have the relations as mentioned in Lemma 1 1.21 It is known that 

(1) \a{p)\<2p^' 2 

for all primes p. Note that this is the Ramanujan conjecture and its generalization, 
called the Ramanujan-Petersson conjecture for cusp forms which are eigenforms for 
the Hecke operator. These conjectures were proved by Deligne as a consequence of 
his proof of the Weil conjectures, p. 164, [10], [9]. Moreover the following equation 
holds, [EE]. 



(2) a{p a )=p 



_ „(fc-l)a/2 sin (Q ! + !) 



sin# p 



where 2cos6> p = a{p)p^ t ^ k ^ 1 ^ 2 . 

It is well known that the theta series of A C 1" weighted by harmonic polynomial 
P G Harmj(R™) is a modular form of weight n/2+j for some subgroup T C SL2{M). 
In particular, when the deg(P) > 1, the theta series of A weighted by P is a cusp 
form. 

For example, we consider the even unimodular lattice A. Then the theta series 
of A weighted by harmonic polynomial P, Q\^p(z), is a modular form with respect 
to SL 2 (Z). 
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Example 1.1. Let A be the E%-lattice. This is an even unimodular lattice o/R 8 , 
generated by the E$ root system. The theta series is as follows: 

oo 

6 A (z) = E 4 (z) = 1 + 240 V3(m)q 2m 

m=l 

= 1 + 240<? 2 + 2160g 4 + 6720g 6 + 17520g 8 + • • • , 

where 03(777) is a divisor function 173(771) = X)o<d|m^ 3 - 

For j — 2,4 and 6, the theta series of A weighted by P, P S Harmj(R 8 ) is a 
weight 6,8 and 10 cusp form with respect to SLii^). However, it is well known 
that for k = 6,8 and 10, the dim Sk{SL>2{1>)) — 0, that is, @a,p(z) = 0. Then by 
Lemma \l.l\ all the shells of E% -lattice are spherical 7-design. 

For j = 8, the theta series of A weighted by P is a weight 12 cusp form with 
respect to SZ^Z). Such a cusp form is uniquely determined up to constant, i.e., is 
Ramanujan's delta function: 

A 24 w= (? 2 n( i -9 2m ) 24 -E T (^ 2m - 

m > 1 m > 1 

The following proposition is due to Venkov, de la Harpe and Pache, [3], [5], [12] , 

Proposition 1.2 (cf. 1 2J ) . Let the notation be the same as above. Then the 
following are equivalent: 

(i) r(m)=0; 

(ii) (A)2m is an 8-design. 

It is a famous conjecture of Lehmer that t(to) ^ 0. So, Proposition 11.21 gives a 
reformulation of Lehmer's conjecture. Lehmer proved in |llj the following theorem. 

Theorem 1.1 (cf. [11). Let mo be the least value of m for which T(m) = 0. Then 
too is a prime. 

These are many attempts to study Lehmer's conjecture ([U], [H]), but it is 
difficult to prove and it is still open. 

In this paper, we take the two cases Z 2 -lattice and ^-lattice instead of Eg- 
lattice. Then, we consider the analogue of Lehmer's conjecture corresponding to 
the theta series weighted by some harmonic polynomial P. In Section 3, we show 
that the m-th coefficient of the weighted theta series of Z 2 -lattice does not vanish 
when the shell of norm m of those lattices is not an empty set. Or equivalently, we 
show the following result. 

Theorem 1.2. The shells in l?-lattice are not spherical 5-designs. 

Similarly, in Section 4, we show the following result. 
Theorem 1.3. The shells in A^-lattice are not spherical 1-designs. 



2. Preliminaries 

First of all, we list up the famous modular forms needed later. The details of 
these functions appear in [3]. We use q — e mz . 
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T](Z 
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£ q m ' = 2q^(l + q 2 + ---) 

mGZ+1/2 

9™ 2 = 1 + 2q + 2q 4 + ■ ■ ■ 
E(-9)'" 2 = 1 - 2g + 2g 4 + • • ■ 

mGZ 

JJ(i_^) = 9 Vi2 (1 _ g2 _ ? 4 + 9 
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^4(z) 4 - 6» 2 (z) 4 = 1 - 24g + 24q 2 - 96 3 + 

±-0 2 {z) A 6 A {zf = q-8q 2 + 28q 3 + ■■■ 
16 

r,{zfn{izf = q 2 - 6g 4 + 9g 6 + 4 g 8 + ■ ■ ■ 



A 8 (z 

2.1. The Z 2 -lattice. Let 

Z" := {x = (si 



o/ weight 1/2, 

o/ weight 1/2, 

o/ weight 1/2, 

) o/ weight 1/2, 

o/ weight 2, 
o/ weight 4, 
o/ weight 6. 



, £„) e R™ | Xj e Z, i = 1, • • • , n} 



be the cubic lattice of rank n. It is an odd unimodular lattice. The theta series of 
Z n is 0z»(z) = # 3 (z)™. For example, if we take n = 2, then 



9 z2 (z)^ 3 (z) 2 = $> 2 (m) 



'7 



m— 



1 + 4<7 + 4g 2 + 4g 4 + 8g 5 + Aq s + Aq 9 + 8q 10 



43 



where the coefficient r 2 (m) is the number of ways of writing m as a sum of 2 squares. 

Lemma 2.1 (cf. [12], Lemma 24). We have 

an 



0- 





ci(P)A 8 ^ 
c 2 (P)$A 8 0£ 



if P = 1, 

if P e Harm 2 (R n ), 

if P £ Harm 4 (K n ), 

if P e Harm 6 (R™), 



where C\ is a nonzero linear form if and only if n > 2, and c 2 is a nonzero linear 
form if and only if n > 3 . 

By Lemma 11.11 For n > 2, all the nonempty shells of Z™ are spherical 3- 
designs. We consider the case n = 2. For P e Harm 4 (R 2 ), 9 Z 2 P = ci(P)A 8 6 l | = 

E m >o«( m )? m - 

We set 



G(2) := 



1 2 
1 



-1 

1 



Then, the A 8 and 8 2 are the modular forms with respect to G(2) with the 
character \, 




(cf. [H], Theorem 12, g], p.187). Hence the A 8 (9§ € S 5 (G(2),x). 
Then it is easy to see that the following proposition holds. 



6 



EIICHI BANNAI AND TSUYOSHI MIEZAKI 



Proposition 2.1 (cf. 1 2J ) . Let the notation be the same as above. Then the 
following assertions are equivalent: 

(i) (Z 2 ) m ^ and a(m) = 0; 

(ii) (Z 2 ) m is a 5-design. 

In Section[31 we will prove that a(m) ^ if (Z 2 ) m ^ 0, hence also show the non 
existence of the spherical 5-designs on the shells in Z 2 -lattice. 

2.2. The ^-lattice. Let 

A n := {x = (x , ■ ■ ■ , x n ) G Z" +1 | x + ■ ■ ■ + x n = 0} 

be the A„-lattice of rank n. It is an even lattice. When n — 2, the theta series of 
A 2 -lattice is 

Q A2 (z) = e 3 (2z)6 3 (6z) + 9 2 (2z)6 2 (6z) 

= 1 + 6q 2 + 6q e + 6q 8 + I2q 14 + 6q 18 + 6q 24 + I2q 26 + 6q 32 + I2q 3s + ■■■ . 
Lemma 2.2. We have 

r ®a 2 ifp=i, 

l0 if P G Harm 2 (K 2 ), 

) if P G Harm 4 (R 2 ), 

[ Cl (P)A 12 e A2 if P G Harm 6 (M 2 ), 

where C\ is a nonzero linear form. 

Proof. First, we define the Fricke group; for any prime p, 

rS(p) := T (p) U r (p) Wp, where W p := ( ° _1 J^) • 

Then, The theta series of ^4 2 -lattice weighted by P are the modular forms with 
respect to the Fricke group To (3) with the character Xs, 

(cf. [I], Theorem 3.1). In fact, ® S > M S (T* (3), Xs ) = C[9a 2 , A 12 ], 
We take the P G Harm 6 (R 2 ), 

P(a;) = (a ; 6 -2 / 6 )-15(xV-^V)- 
Then O^.p^) = 4<? 2 + • • • . So, ci is not identically zero. □ 

By Lemma HHl all the nonempty shells of A n are spherical 5-designs. For P G 
Harm 6 (R 3 ), Q A ^ P = Cl (P)A 12 Q A2 =: E m>0 «(™)l 2m - 

Then it is easy to see that the following proposition holds. 

Proposition 2.2. Let the notation be the same as above. Then the following 
assertions are equivalent: 

(i) (A 2 ) m ^ and a{m) = 0; 

(ii) {A 2 ) 2m is a 7- design. 

In Section 21 we will prove that a(m) 7^ if (A 2 ) 2m ^ 0, hence also show the 
non existence of the spherical 7-designs on the shells in A 2 -lattice. 
Finally, We collect the results needed later. 

Proposition 2.3 (cf. |8J). Let CTfc(rn) be the divisor function <7/-(m) = J2o<d\m^ 
Then following equality holds: 

^et{z)=f^a 1 {2m-l)q 2m -\ 

771=1 



■fc 
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Proposition 2.4 (cf. [T^], p. 127). Let \ be a Dirichlet character mod M and \i 
be a primitive Dirichlet character mod N. If f(z) — X)^=o a «9™ ^ Mk(To(M),x) 
and f Xl (z) = T,n=o a nXi(n)q n , then f Xl (z) G M k (T (MN 2 ), xxD- If f is cusp 
form, then so is f Xl . In particular, if f(z) € M k {To{M)) and xi * s a quadratic 
(i.e., tales values ±1), then f Xl {z) € M k (T a (MN 2 )). 

Theorem 2.1 (cf. [18j . Theorem 1). Let f(z) and g{z) be holomorphic modular 
forms of weight k with respect to some congruence subgroup T of SLi{7L). If f(z) 
and g(z) have rational integer coefficients and there exists a prime I such that 

Ord l (f(z)-g(z))> A[5L a (Z):r], 
then the Ordi(f(z) — g(z)) = oo. (i.e., f(z) = g(z) (mod I).) 

3. Z 2 -LATTICE 

We recall the results: 

oo 

e z2 (z) = 9 3 (z) 2 = ]Tr 2 (m) 9 m 

m=0 

Lemma 3.1. Assume thatp is a prime. If p = 1 (mod 4), then r2{p) — 8. If p = 3 
(mod 4), then 

if Tiis odd, 
4 if tiis even. 



r 2 (p n ) 



Proof. Denote the number of divisors of n with d = a (mod 4) by d a (n). It is well 
known that r2(m) — 4(c?i(m) — d 3 (m)), [3J. Then the results are easy calculation. 

□ 

For P E Harm 4 (M 2 ), 

e Z 2 iP (z) = c(p)0 3 (z) 2 A 8 (z) 

= c(p)(q - Aq 2 + 16g 4 - Uq 5 - 64q s + 81q 9 + ■■■) 
=: c{p) £ a{m)q m 

rn>l 

Then z , P ( Z )eS 5 (G(2)j). 

Here, wc difinc the following function: 

9 3 (2z) 2 As(2z) = a(m)q 2m 

m>l 

= q 2 - 4q 4 + 16q 8 - 14<? 10 - 64g 16 + 81q 18 + ■■■ . 

This is the modular form with respect to To(4) with the character xa = (— l)' d_1 ^ 2 
(cf. [TO] Proposition 30, p.145). 

Because of the dimS , 5(r (4), xa) = 1, [TT) . and a(l) = 1, by Lemma [T~2l the 
coefficients of Qz 2 .p( z ) satisfied the following relations: 

(3) a(mn) — a{m)a(n) (to, n coprime) 

(4) a{p a+1 ) = a(p)a(p a ) - Xi{p)p i a{p a ^ 1 ). (p a prime) 
By the equation ^ and |2]), we get the following equations: 

(5) Hp) | < 2 P 2 



(6) a(p a )=p 
where 2cos6* p = a(p)p~ 2 . 



2a sin(a + l)flp 
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The coefficients a(m) have the following crucial property. 

Lemma 3.2. If m is odd, then a(m) = <7i(m) (mod 4), where o~\{m) is the divisor 
function <ri(m) := J2o<d\ m d - 

Proof. Because of the 6 3 (2z) 2 = 6» 4 (2z) 4 = 1 (mod 4) and Proposition [TBI 

8 3 (2z) 2 A 8 (2z) = \-B 3 (2z) 2 d±(2zfe 2 (2zf 
16 

= -^ 2 (2z) 4 (mod 4) 
16 

oo 

= ffi(2m-lk 2M (mod 4). 

m— 1 

□ 

Proof of Theorem \1.2l We will show that the a(m) ^ when (Z 2 ) m ^ 0. Assume 
that m is a power of prime, if not we could apply ([3]). We will divide into the three 
cases. 

(i) Case m = 2 a : 

We consider the equation 

a(2 n+1 ) = a(2)a(2"). 

Hence we have a(2 a ) ^ 0, for a(2) = -4. 

(ii) Case m = p a , p = 3 (mod 4): 

By Lemma 13.11 a(p n ) = if n is odd number. Then, equation can be written 
as follows: 

a{p n+1 ) =p 4 a(p n - 1 ). 

Thus we get 

) if n is odd, 



p4(n 1) |£ n ^ s even 



Hence we have a(p a ) ^ when (Z 2 ) m 7^ 0. 

(iii) Case m = p a , p = 1 (mod 4): First of all, we show the following proposition. 
Proposition 3.1. Let cto be the least value of a for which a{p a ) — 0. Then cto = 1. 
Proof. Assuming the contrary, that is, cto > 1, so that a(p) 7^ 0. By 

„2« sm(a + 1)6 p 



a{p ao ) = = p z 



sml 



This shows that 9 P is a real number of the form 9 p = nk/(l + cto), where k is an 
integer. Now the number 

(7) z = 2cos9 p = a(jp)p~ 2 , 

being twice the cosine of a rational multiple 2n, is an algebraic integer. On the 
other hand z is a root of the obviously irreducible quadratic 

(8) p 4 z 2 ~a 2 (p) = 0. 

Hence z is a rational integer. By ([5|) and ([7]), we have z 2 < 3. Therefore z 2 = 1,2 
and 3. If z=2 (resp. 3), the quadratic © become a 2 (2) = 2p A (resp. a 2 (3) = 3p 4 ). 
These are impossible because the right hand sides are not square. If z 2 = 1, the 
quadratic © become 

(9) a(p)=±p 2 . 
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By Lemma |3.2[ we have 

a(p) = oi(p) (mod 4) 
= p + 1 (mod 4) 
(10) = 2 (mod 4). 

However, if p 2 = 1 (mod 4) then the equation becomes a(p) = 1 or 3. This is a 
contradiction. □ 

So, it is enough to consider the case when m is a prime. By (|10p . a{p) = 2 
(mod 4), so, we have a{p) ^ 0. This completes the proof of Theorem 11.21 □ 

4. A 2 -lattice 

We recall the results. 

Q A2 (z) = 3 (2z)6 3 (6z) + e 2 (2z)e 2 (6z) 

00 

= : N{m)q 2m . 

Lemma 4.1 (cf. [3J, p.112). 

iV(3 Q ) = 6, for all a > 0, 

N(p a ) = 6(a + 1), forp=\ (mod 3), 

for p = 2 (mod 3), a is odd, 

6 /07' p = 2 (mod 3), a is even. 



N(p a ) 



For P G Harm 6 (R 2 ), 

8a 2 ,pW = c(p)9a 2 (2:)Ai2(z) =: a(m)<7 2 



m>l 



A 12 (z) = (r,(z)r,(3z)f(z) =: ]T fe(m)g 2m , 
£ 6 (z) = 1-504 ^ fisMg 2 



m>l 
,2m 



where -E^z) is the Eisenstein series of weight 6 with respect to the group SL 2 (^) 
and, 05(771) is the divisor function 0-5(777) := J2o<d\m^ 5 • As we saw as above, 
&A 2 Az) G 5 7 (rS(3),x 7 ), hence 9a 2 ,p(z) G SV(r (3),x 7 ). Because of the dim 5 7 (r (3), X r) 
1, [T7], and a(l) = 1, by Lemma Tl. 21 the coefficients of Qa 2 ,p{ z ) satisfies the fol- 
lowing relations: 

(11) a(mn) = a(m)a(n) (m, n coprimc) 

(12) a(p a+1 ) = a(p)a(p a )-x(p)p 6 a(p a - 1 ). (p a prime) 
By the equation (Q]) and |(3J), we get the following equations: 

(13) Kp)|<2 P 3 

(14) a(p a )=p 3 



^ a sin(q + 1)6 P 



where 2cos0 p = a(p)p 3 . 

The following lemma is useful later. 

Lemma 4.2. For m ^ (mod 3), a(m) = 0-5(777) (mod 3). 
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Proof. By Lemma |4.1[ we remark that Qa 2 ( z ) = 1 (mod 3). So, we have a(m) = 
b(m) (mod 3). Next we consider the following function: 

Ai 2 w + ^ = ^ + E ( & (™) - ^(™))<? 2m - : E c ( m )« 2m - 

m>0 m>0 

This is the modular form of To (3). Now we apply Proposition ^. 41 and construct a 
modular form of To (27) by 

J2 (j)c(m)q 2m = 39q 4 - 1053g 8 + 3120g 10 - 16848q 14 + • • • . 

m>0 

One finds that the first (6/12)[ST 2 (Z) : T (27)] + 1 = 19 terms are multiple of 3 
which completes the proof by an immediate application of Theorem 12.11 □ 

Lemma 4.3. For m = 1 (mod 3) and m is odd, a(m) = o~\{m) (mod 2). 

Proof. By Lemma T4.ll we remark that Qa 2 ( z ) = ®t( z ) = ®ti z ) = 1 (mod 2). So, 
we have a(m) = b(m) (mod 2) and we take the following function: 

£ c(m)q 2m := ±6l(2z)6j(2z)6l(2z) = ±9j(2z) (mod 2) 

m>l 

= CT i( 2m - l)g 2(2m ~ 1} (mod 2). 

m>l 

This is a modular form of To (4), [10]. So, for m = 1 (mod 2), c(m) = ci(m). 
Namely, it is enough to show that for m = 1 (mod 2), b(m) = c(m). 
Next we consider the following function: 

]T d{m)q 2m := A 12 (z) - ±ei(2z)8i(2z)et(2z) 

m>l 

= Au(z) - E CT i( 2m - l)9 2(2m_1) (mod 2) 

m>l 

This is the modular form of To(12). Now we apply Proposition 12.41 and construct 
a modular form of To (108) by 

(-)d(m)<7 2m = 6q 4 + 4q 8 - 48g 14 - 168<? 16 - 36g 20 + • • • . 

m>l 

One finds that the first (6/12) [SL 2 (Z) : r (108)] + 1 = 109 terms are multiple of 2 
which completes the proof by an immediate application of Theorem 12.11 □ 

Proof of Theorem \1.3[ We will show that the a(m) ^ when (^b)™ 7^ 0- Assume 
that m is a power of prime, if not we could apply (jlip . We will divide into the 
three cases. 

(i) Case m = 3 Q : 

We consider the equation (fT2"|) . 

a(3" +1 ) = a(3)a(3 n ). 

Hence we have a(3 Q ) 7^ 0, for a(3) = —27. 

(ii) Case m = p a , p = 2 (mod 3): 

By Lemma 14.11 a(p n ) = if n is odd number. Then, equation (|12p can be written 
as follows: 

a(p n+1 ) =p 6 a(p"- 1 ). 
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Thus we get 

, „, f if n is odd. 

a (P ) = i 6(n-l) -t 

I p° K ' it n is even. 
Hence we have a(p a ) ^ when (A2) m 7^ 0- 

(iii) Case m = p a , p = 1 (mod 3): First of all, we show the following proposition. 
Proposition 4.1. Let ao be the least value of a for which a(p a ) — 0. Then a® = 1. 
Proof. Assuming the contrary, that is, ao > 1, so that a(p) ^ 0. By (|13[) . 

a(^) = = p 2 "° Sin(Q + 1) ^ . 

sin P 

This shows that # p is a real number of the form 9 p = nk/(l + ao), where k is an 
integer. Now the number 

(15) z = 2cos8 p — a(p)p~ 3 , 

being twice the cosine of a rational multiple 2n, is an algebraic integer. On the 
other hand z is a root of the obviously irreducible quadratic 

(16) p 6 z 2 -a 2 (p) = 0. 

Hence z is a rational integer. By (fT3|) and (fl"5|) . we have z 2 < 3. Therefore z 2 = 1, 2 
and 3. If z=2 (rcsp. 3), (HU) become a 2 (2) = 2p 6 (resp. a 2 (3) = 3p 6 ). These are 
impossible because the right hand sides are not square. If z 2 = 1, we have 

(17) a(p) = ±p\ 



By Lemma SM and \4~3l 

a{p) = cr 5 (p) (mod 3) 
ee p 5 + 1 (mod 3) 

(18) ee 2 (mod 3), 

a(p) ee ci(p) (mod 2) 

ee p + 1 (mod 2) 

(19) ee (mod 2). 

By (|17|) . a(p) ee 1 or 2 (mod 3). In the first case a(p) = 1 (mod 3), this is a 
contradiction to (Tf8|) . In the second case a(p) ee 2 (mod 3), this is a contradiction 
to (119|) . So, the proof is completed. □ 



So it is enough to consider the case when m is a prime. By (|18p. a(p) = 2 
(mod 3), so, we have a(p) ^ 0. This completes the proof of Theorem 11.31 

□ 



5. Concluding Remarks 

(1) In the last part of the proof of Theorem 11.21 (resp. Theorem II. 3p . after we 
obtain Proposition l3.ll (rcsp. Proposition ^. ip . we can directly show that the shells 
(Z 2 ) p (resp. (A 2 )2 P ) are not spherical 5-designs (resp. 7-designs). This gives an 
alternative approach to the proof of Theorem 1 1.21 (resp. Theorem ll.3l) . 

(2) It is interesting to note that no spherical 12-design among the shells of any 
Euclidean lattice (of any dimension) is known. It is an interesting open problem to 
prove or disprove whether these exists any 12-design which is a shell of a Euclidean 
lattice. 
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(3) Responding to the author's request, Junichi Shigezumi performed computer 
calculations to determine whether there are spherical t-designs for bigger t, in the 
2 and 3 dimensional cases. His calculation shows that among the shells of integral 
lattices in dimension 2 (with relatively small discriminant and small norms), there 
are only 5-designs. That is, no 6-designs were found. (So far, all examples of 
such 5-designs are vertices of a regular 6-gon, although they are the shells of many 
different lattices). In the 3 dimensional case, all examples are only 3-designs. No 
4-designs which are shells of a lattice were found. It is an interesting open problem 
whether this is true in general for dimensions 2 and 3. 
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